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Abstract. The nonextensive statistics formalism proposedthat is, the entropy is an extensive quantity. The statistical de-
by Tsallis has found many applications in systems with mem-scription based on this entropy has been successfully applied
ory effects, long range spatial correlations, and in generato a wide variety of systems for over a century.
whenever the phase space has fractal or multi-fractal struc- However, an increasing amount of experimental, compu-
ture. These features may appear naturally in turbulent otational and theoretical evidence, shows that this formalism
non-neutral plasmas. In fact, the equilibrium distribution is not always adequate. An interesting example is anoma-
functions which maximize the nonextensive entropy stronglylous diffusion. In standard statistical mechanics, diffusive
resemble the non-Maxwellian particle distribution functions processes involve walks where each step is independent of
observed in space and laboratory and turbulent pure electrothe previous ones. This leads to diffusion rates proportional
plasmas. to +/t, wherer is the time, whereas anomalous diffusion is
In this article we apply the Tsallis entropy formalism to either faster or slower. This does not fit the standard frame-
the problem of longitudinal oscillations in a proton-electron work. A closely related fact is that in Boltzmann-Gibbs
plasma. In particular, we study the equilibrium distribution statistics, equilibrium distribution functions are Maxwell-
function and the dispersion relation of longitudinal oscilla- Boltzmann ones. But although such distribution functions
tions in a relativistic plasma, finding interesting differences are ubiquitous in Nature, they do not describe all possible
with the nonrelativistic treatment. processes. Distribution of citations of scientific articles or
the distribution of time intervals between consecutive heart-
beats Peng et al.1993, for instance, are better described
1 Introduction by power laws or Evy distribution functions. In general,
the Boltzmann-Gibbs formalism fails for systems with long
Traditionally, the equilibrium of statistical systems has beenrange interactions, memory effects, and, in general, systems
studied based on the Boltzmann-Gibbs entropy, where the relevant phase space has fractal or multifractal
structure.
See = —kz Zpi npi, (1) In order to address this problefisallis (1988 proposed
l the following entropy:

wherekp is a constant, ang; is the probability of the-th
microstate. Now let us consider two independent systéms 1=, pf
; . L i Pi
B, that is, the probability of the syster-B of beingina  Sq =kp————1—
statei+j, wherei is a microstate oft andj a microstate of
B, Is: whereg is a real number. Fog=1, S, reduces toSgg,
pA+E _ pA B and therefore can be regarded as a generalization of the
i+ P Boltzmann-Gibbs entropy.
In this case, the Boltzmann-Gibbs entropy satisfies Sq has the basic property that for independent systams
SATB _ A sB andB, in the same sense as defined above, the entropy of the
BG — 9BG T9BG . oo C _
composite systerd+ B is given by:

=, (2)
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Fig. 1. Velocity distribution function gas of nonrelativistic particles
of energyE=mv?,/2, for various values of.

Thus, g is a measure of the nonextensivity. Statistical me-
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In particular, velocity distributions in plasmas are of-
ten found to be non-Maxwellian. vy or Kappa distribu-
tion functions are common in space and laboratory plasmas
(Mauk et al, 1987 Scudder et al 1981 Marsch et al.1982
Collier et al, 1996 Liu et al, 1994. Radial density pro-
files, with a cutoff in the particle distribution, can be sus-
tained for long times in turbulent electron plasmbtigéng
and Driscoll 1994. As such distribution functions emerge
naturally from a nonextensive statistical description, several
authors have successfully applied this approach to plasma
systems Boghosian 1996 Anteneodo and Tsalljs1997
Tsallis and de Souza997 Leubner 2004).

Our interest here is to consider wave propagation in plas-
mas. For a collisionless thermal plasma, a dispersion relation
for electrostatic waves can be found and solved for an equi-
librium distribution function which maximises Eq)((Lima
et al, 2000. The dispersion relation is found to fit experi-
mental data better than if the energy distribution is given by
a Maxwellian.

This analysis was restricted to the non-relativistic regime.

chanics can be consistently formulated in terms of this genHowever, relativistic plasmas are present in many physical
eralized entropy. Results have been encouraging. Amongystems, like pulsar magnetospher€sirtis 1991 Ruder-
the various physical systems where connections with theman and Sutherlandl975 Cheng and Rudermari980,

Tsallis entropy formalism have been found are gravita-
tional systemsTaruya and aki Sakagan#003, long range
Hamiltonian systemd @tora et al.2001), nonlinear inverse
bremsstrahlung absorption in plasm@sdllis and de Souza
1997, turbulence Arimitsu and Arimitsy 2000, and gran-
ular systems fattin 2003, and many applications in as-

trophysics, fluid dynamics, biology, economy, quantum me-

chanics, and otheré&\pe and Okamota2007).

Another important property of the nonextensive formalism
is that the distribution function which maximiség is non-
Maxwellian Silva Jr. et al.1998 Lima et al, 2000. Rather,
it is given by an expression like Ecp)(below. To illustrate
it, in Fig. 1 we plot the equilibrium distribution function for
a gas of nonrelativistic particles, such thatmv?/2, for a
few values ofy:

For g=1, the Maxwell distribution function is obtained.

AGN jets Wardle et al. 1998 Hirotani et al, 200Q Wardle

and Homan2001) and experiments in laser plasma interac-
tions (Mourou and Umstadtefi992 Fuchs et al.1999. On

the other hand, non-neutrality and/or turbulence are relevant
to several of these systemisup et al, 2002 Schlickeiser

et al, 2002 Naumova et a).2007). Thus, it is of interest to
study such relativistic systems using a honextensive statistic
approach. In this paper, we intend to generalize the work of
Lima et al.(2000 to the relativistic case, based on the rel-
ativistic version of the Tsallis formalism_évagng 2002.

In particular, we will examine some general properties of
the equilibrium distribution function and the frequency for
electrostatic waves in the long wavelength limit for ultra-
relativistic plasmas.

2 Relativistic distribution function

But forg <1, high energy states are more probable than in the

extensive case. The distribution corresponds té@aylfunc-
tion, with power law behavior for large energy. On the other

In the nonextensive description, the equilibrium distribution
function for a relativistic plasma can be writtehafagnq

hand, forg>1 high energy states are less probable thanin thezooa
extensive case, and there is a cutoff beyond which no states

exist. For a nonrelativistic gas in one dimensi@rzmv?/2,
and the cutoff isl(ima et al, 2000

Vmax = v 2kpT/m(q — 1) . 4)

_ o E = Jm2ch 202
This result is important because, as stated above, many sys- meet+ pre

tems exhibit non-Gaussianity in their distribution functions.

E 1/(¢—1)
} , ©)

fq(P) = Aq [1— (g — 1)kB_T
where

(6)

is the particle energy andl, is a normalization constant. For

For instance, anomalous diffusion can be described in a natg=1, the extensive limit is recovered, and EB) yields the

ural way by the nonextensive formalisiargto and Tsallis
1999, and the same is true for any other system wheneyL
flights or distribution functions are relevant.
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Boltzmann distribution functiorf,—1=A; exp(—E /kpT).
If g—1<0, Eq. 6) is real for any value oE>0. However,
if g—1>0, f; is real only if the quantity in square brackets
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in Eq. () is positive. That is, wherew), is the plasma frequency, is the wavenumber
. ksT is the argument of the Laplace transforse=-iw, wherew
ifg=1 O=E= ¢-1° Q) is the wave frequency, if there is no damping)the elec-
ifg=<1 O0<E. (8)  tron massp=myv is the particle momentum, anf} (p, z)

If ¢>1 there is an energy cutoff. Both Eqg) @nd @) hold is the equilibrium electron distribution function, normalized

for the extensive limiy=1, in which case they give the ex- 10 unity. Particle energy i€=,/m2c4+p2c2.

pected constraint9E <oo. o Following Lima et al. (2000, we now consider the long
Since there is no energy cutoff fgr<1, normalizability wavelength limitk<kp, wherekp=2r/Ap, andip is the

of the distribution function is not guaranteed. For a one-pepye length. The integrand has a polevat—is/k. If

dimensional plasma, ip=pz, it tumns out that/ dp f,(p)  |m y«1, integration can be performed on the real axis. Then

is finite only ifg>0. _ Eq. (11) can be written, to lowest order i
On the other hand, §>1, from the cutoff in Egs.q) and

(6) it follows that

2
@p [P fy (o)

1 [( kgT \? 1=——§’/ dp. ==, (12)
|P| = - ( ) - m2C4 . (9) s —Pmax 14

cV\(@—-1
Thus, a real value for the cutoff in EP)(exists only if where y=(1+p2/m?c®) V2. pmax is the maximum mo-

kgT mentum allowed by Eq.9j if 1<g<1+kgT /mc?, or oo if

qfl-i-m. (20) O<g<1.
Finally, then, unlike the nonrelativistic caskirha et al, Equation (2) depends owg in general, and therefore, un-

2000, where —1<g<oo, in the relativistic regime like the nonrelativistic casé.{ma et al, 2000, nonextensive
0<q<1+kBT/mc2._TWO cases arise depending on the sign corrections to the dispersion relation of longitudinal waves

of g—1: may appear to the lowest orderkn, /s. This will be shown
explicitly in Sect.4 for the ultra-relativistic plasma. Also, as
a) O<g=1. the integrals in Egs.1¢l) and (12) are always finite iff, is
Energy can take any value normalizable, there are no further conditionsor
0<E <.

b) 1§q51+kB_€_ 4 Ultra-relativistic plasma
mc

Energy is constrained to If temperatures are ultra-relativisticg T s>mc2. In this case,

kgT we can considefp;|>>mc, since the contribution of parti-

0<Ec< 1 cles not satisfying this condition would be negligible. Then
9 E~|p|c, and the integral in Eq1Q) can be done analytically.
ie. As shown in Sect2, we must distinguish the casgs-1
> andg<1.

1 kpT
o§|p|§—\/( z ) —m2ch

cY\(@g—-1 4.1 O<g<l

3 [_)ispersion relation for longitudinal plasma oscilla-  Since pmax=0c0, in this case, the dispersion relatioh2)
tions yields the frequency of longitudinal oscillations

We consider a proton-electron relativistic plasma. Assuming

protons remain at rest, and that particles only move inone > _ 2 _ 2 qu <T _L) (13)
dimension £), linearization of Poisson and Vlasov equations, P T g-1)°

and a Fourier transform in space and a Laplace transform in

time, yields the following dispersion relation for longitudinal

7 where
oscillations:
2
L@ afq(p:)/0p; kgT
1=i-tm [ dp, —L=—, 11 -8
= [ dp L CEI . 14)
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Fig. 2. Frequency vs.q, Egs. (L3) and (7).

and

I(t.a) = —%(ta)‘”la r (3;“> r (—5)

l1+a 34+a 3
x2F1< 5 ,T,E;—azrz)

1 o l-«o 24
— r r
e (57)r (%)
2 1
X 2F1 (ﬂ d —'—azrz)

2 722

To 1 3 2—a 3—«
Fl{=.1 = —7%?| (15
+—1—|—053 2“2,,2},{ 5 o } ‘L'Ol:|( )

Here,, F1 is the hypergeometric function, apd), is the gen-
eralized hypergeometric function,

mFo({ay, ... am}, (b1, ..., by}, 2)

o0

_ Z (al)v"'(am)vi (16)
(b)) (By)y V!

with (a)y=a(a+1)- - -(a+v—1).
4.2 1<q<1+kpT/mc?

Now pmaxis given by Eg. 9). The frequency of longitudinal
oscillations is:

1
w2=—52=a)[2,.](r,q_1>, a7
where

1 3 a 3« 2 2
= 3F; =1, = 14— - = _ 1
J(t,2) =3 2({2, 2}{ +2,2,2}, Ol‘L')(B)
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If the usual Boltzmann-Gibbs statistics is used, the plasma
frequency for a one-dimensional ultra-relativistic plasma is

@p
w= N (29)
This result is plotted as circles in Fig. Agreement is very
good, confirming that the extensive limit is indeed recovered
in our analytical results fag=1. However, for lowr (=10
in Fig. 2), the extensive result is slightly off the correspond-
ing curve. This is also consistent with our approximations.
In effect, as shown in Eq.9], higher values of; imply a
very narrow range of possible momenta. Thereforeg, ii§
too large, this will conflict with our assumptidp,| > mc
used to obtain Eqsl1@) and (L7). As the maximum value
of g is given byg=1+r, this means that the ultra-relativistic
approximation discussed here holdg & t. The extensive
limit g=1, then, will be better approximated fers-1, as
seenin Fig2.

5 Conclusions

In this paper, we have considered a relativistic plasma whose
statistics is not described by the traditional Boltzmann-Gibbs
entropy, but by the generalized Tsallis entropy. Here, a pa-
rameterg in the entropy characterizes the degree of nonex-
tensivity in the system.

The equilibrium distribution function is calculated. Math-
ematical constrains ofj, determine thag is restricted to val-
ues O<g<1+t, wherer=kpT/mc?, whereT is the plasma
temperature anak the particle mass. These bounds are much
tighter than the corresponding ones in the nonrelativistic the-
ory (—1<g<o0), and depend on physical parameters, unlike
the nonrelativistic case.

We apply the nonextensive formalism to longitudinal os-
cillations in the plasma. We obtain a dispersion relation
for the long wavelength limit. Nonextensive effects modify
the frequency even at zeroth-orderkin By contrast, in the
nonrelativistic regime, nonextensive corrections only appear
when dispersion effects are considered.

Analytic expressions in terms of hypergeometric functions
have been obtained for the frequency of oscillations for ultra-
relativistic temperatures, so that it can be explicitly calcu-
lated. The result reduces to the expected extensive result for
q=1.

There are two important approximations in the present
analysis, namely, infinite wavelength and ultra-relativistic
regime. These limitations will be dealt with in future work.
In particular, it is of interest to consider finite wavelength,
which introduces dispersion and damping effects in the sys-
tem.
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